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ABSTRACT
We investigate the standard model in a cosmic string background and show that the
electroweak symmetry is partially restored. For a range of parameters the electroweak
Higgs field can wind in this region, producing an electroweak string stabilised by the
cosmic string background. In this case there are quark and lepton zero modes that result
in the string becoming superconducting at the electroweak scale. If the electroweak Higgs
field does not wind, there are no zero modes, but there are fermion bound states. These
bound states can also carry a current.
1) Introduction
Topological defects, and in particular cosmic strings, are likely to arise as a result
of phase transitions in the early universe. A network of such strings could explain the
observed large scale structure and the anisotropy in the microwave background radiation
[1]. They arise in many Grand Unified Theories (GUT) of particle physics and have high
predictive power, the only free parameter being the mass per unit length. Recently, the
possibility of superconducting strings [2], or current carrying strings in general, has received
a revival of interest. This has been sparked by the realisation that current carrying strings
may be more general than previously thought [3]. The cosmology of such strings could be
modified considerably, see [4] and references therein. Hence, it is important to ascertain
whether or not strings carry a current, and how large the current is.
Cosmic string superconductivity can arise as a result of boson condensates, fermion
zero modes [2], or gauge boson condensates [5]. Strings can also carry a current as a result
of fermion bound states [6]. The maximal current can be enormous, approaching the
grand unified scale for GUT strings. Models containing strings carrying such enormous
currents can be ruled out as they produce stable remnants, vortons [7], which would
dominate the energy density of the universe. However, it was pointed out that strings
could become current carrying at a subsequent phase transition [3] as a result of the
restoration of, say, the electroweak symmetry around the string. In this case the resulting
current would be proportional to the electroweak scale, it would produce only a modest
change to the standard string cosmology, but could still change the microphysics of the
string significantly.
In this paper we address this issue. We show that couplings between the string and
the electroweak sector lead to at least partial restoration of the electroweak symmetry
around the string. Such couplings arise either as direct couplings given by the GUT, or as
effective couplings at higher order. Depending on the ratio of the couplings, as given by the
GUT, the Higgs field can wind. If it does wind then there are zero modes of the ordinary
quarks and leptons which give rise to fermion superconductivity. If the Higgs field doesn’t
wind then there are no zero modes, but there are bound states of the ordinary quarks and
leptons. This is because there is an effective two dimensional potential, which always has
at least one bound state. These bound states can carry a current [6]. Consequently, we
conclude that a cosmic string can always carry a current, though the current may not be
enormous, or persistent.
2) The Electroweak ×U(1) Model
We work with a model in which we augment the Weinberg-Salam model with a string
forming U(1) scalar field χ˜ and associated gauge field Xµ [8]. The Lagrangian we consider
is
L = (D˜µχ˜)
†(D˜µχ˜)−
1
4
XµνX
µν − λ˜(χ˜†χ˜− η˜2)2 − ξM2(χ˜†χ˜− η˜2)Φ†Φ
+(DµΦ)
†(DµΦ)−
1
4
YµνY
µν −
1
4
W aµνW
aµν − λ(Φ†Φ− η2)2, (1)
where the χ˜ covariant derivative is
D˜µ = ∂µ − iqXµ, (2)
1
and the electroweak Higgs field has a charge α under the extra U(1) so that its covariant
derivative is
Dµ = ∂µ − iαXµ −
i
2
gτ.Wµ −
i
2
g′Yµ. (3)
We have also introduced a scalar-scalar cross coupling with magnitudeM2 and sign ξ = ±1.
These couplings between the string and electroweak sectors are expected to arise generically
either directly from the underlying GUT or as effective couplings at higher order.
We can write the quartic scalar terms in the Lagrangian in the form,
V4 = ( χ˜
†χ˜ Φ†Φ )
(
λ˜ ξM2/2
ξM2/2 λ
)(
χ˜†χ˜
Φ†Φ
)
(4)
V4 is unbounded below if the matrix has a negative eigenvalue, requiring that this is not
the case yields the constraint
M2/2 <
√
λ˜λ. (5)
Thus there is a natural limit to the magnitude of the cross coupling.
When the extra U(1) symmetry is broken a string forms with the usual profile for the
Higgs and gauge fields;
χ˜ ∼ eiθ
{
ar small r
η˜ large r
(6)
Xθ ∼
{
br small r
1/qr large r
(7)
with the other components of Xµ being zero as usual. For concreteness we will call the
energy scale of the string the GUT scale, but our analysis does not depend on the energy
scale of string formation.
3) The Electroweak Background Fields
We can now consider the electroweak gauge and Higgs field profiles around the string.
Whilst this was done in [8], the Higgs-Higgs interaction was neglected and a more general
analysis is necessary. We work in temporal gauge and look for static solutions of the
equations of motion. We can consistently set most of the electroweak fields to zero and
look for solutions with only Zµ (Zµ = −
g
GW
3
µ +
g′
GYµ, G
2 = g2 + g′2) and the lower
component of the Higgs doublet, φ, non-vanishing. The Lagrangian then reduces to
L = −φ2,r − (
G
2
Zθ + αXθ)
2φ2 −
1
2
(Zθ,r + Zθ/r)
2 − λ(φ2 − η2)2 − ξM˜2(χ†χ− 1)φ2 (8)
where χ˜ = η˜χ and M2η˜2 = M˜2.
Applying the scalings: φ = M˜√
λ
ψ, r = x/M˜ and GZθ/M˜ = z leads to the equations of
motion,
1
x
d
dx
(xψ,x) =
[
(
z
2
+
α
M˜
Xθ)
2 − 2η2
λ
M˜2
+ ξ(χ†χ− 1)
]
ψ + 2ψ3 (9)
1
x
d
dx
(x(z,x)) =
z
x2
+
G2
λ
(
z
2
+
α
M˜
Xθ)ψ
2 (10)
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We have solved these equations numerically for a range of parameters. Some typical
profiles are presented in figures 1-3. The important parameters in the model are the ratio
of the new U(1) charges of the GUT Higgs and electroweak Higgs, αq , the Higgs-Higgs cross
coupling, M , and the ratio of the electroweak energy scale to the GUT scale. In fig.1 we
show the variation with the Higgs-Higgs coupling, M; fig.2 shows the variation with the
ratio of the gauge couplings α/q; fig.3 shows the variation with the ratio of the two length
scales. The corresponding Z profiles are shown in fig.4. The solid line corresponds to the
same parameter values in all four figures and only the specified parameter is varied in each
case.
The gauge coupling gives a positive contribution to the electroweak Higgs field mass
term and the Higgs-Higgs cross coupling gives a contribution whose sign is determined by ξ.
The latter contribution is restricted to the GUT string core, while the former varies as 1/r2
outside the core. In fig.1 we see the effects of the scalar cross coupling at small distances,
inside the GUT string core the scalar cross coupling increases the Higgs expectation value,
while outside the Higgs VEV is reduced due to the interaction with the string’s gauge
field. As the GUT length scale gets smaller relative to the electroweak scale the effects of
the gauge coupling become dominant and the electroweak Higgs field is pushed towards
zero at the core of the string. If the 1/r form of the GUT gauge field were to persist into
the core of the string, the electroweak Higgs field would be forced exactly to zero at the
centre of the string as the only regular solution of the equation of motion is φ ∝ rα/q.
This limit is considered in ref.9. The onset of this behaviour is displayed in fig 3. If we
attempt to construct a power series solution in the region mEW r < 1, mGUT r > 1 the
string gauge field varies as 1/r and the Higgs field varies as r±α/q. As rGUT gets smaller
the electroweak Higgs field at the centre of the string must drop to zero so as not to
overshoot its asymptotic value. Thus as the GUT mass scale gets larger ψ(0) tends to
zero. As the 1/r form of the gauge field does not persist to r = 0, the Higgs field must
have zero gradient at the origin, but the departure from the rα/q form is restricted to the
region r < rGUT .
The profiles shown confirm our previous results [8] where a region of electroweak
symmetry restoration of order the electroweak scale was found by considering the gauge
coupling alone. We have a ‘composite string’; the GUT string core is surrounded by a
region of partially restored electroweak symmetry containing a Z magnetic flux.
If we introduce a winding into the electroweak Higgs field, i.e. φ = φeilθ , then αXθ is
simply replaced by αXθ+ l/r. For r > rGUT the ratio of gauge couplings,
α
q
is replaced by
α
q + l while as r → 0 we have a persistent 1/r behaviour that forces ψ(0) = 0 exactly. This
change of boundary condition has little effect for mGUT ≫ mEW , as discussed above, and
the winding merely introduces an effective gauge coupling. The energy of the electroweak
fields around the string increases as the gauge coupling ratio, αq , increases as shown in
fig.5. For g > 0.5 we expect the electroweak field energy to be minimised by introducing a
winding in the electroweak Higgs field. This is consistent with our previous results [8]. In
this case we really have an electroweak string surrounding the GUT core. The difference
here is that the electroweak string is stabilised by the presence of the GUT core. The
appearance of such Higgs field windings is considered in ref.9 in terms of the ’Cinderella’
process seen in the pure electroweak string[10].
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4) Fermionic States in the String Background
In this section we analyse the Dirac spectrum in the background of our string. We
assume that the string has the most favourable winding and work in a gauge where there is
no W condensate and the only non-zero electroweak fields are φ and Zθ. First we consider
the case where the electroweak Higgs field has a non-trivial winding and search for fermion
zero modes. We consider the non-winding case later in this section and search for fermion
bound states.
In the background of the composite string the quark Lagrangian is
Lquark =
u¯Lγ
µ(−i∂µ −
1
2G
(g2 − g′2/3)Zµ + νXµ)uL + d¯Lγµ(−i∂µ +
1
2G
(g2 + g′2/3)Zµ + νXµ)dL
+ u¯Rγ
µ(−i∂µ +
2
3
g′2
G
Zµ + ν
′Xµ)uR + d¯Rγµ(−i∂µ −
1
3
g′2
G
Zµ + ν˜Xµ)dR
−Gd(d¯LφdR + d¯Rφ
∗dL) +Gu(u¯Lφ∗uR + u¯RφuL).
(11)
where we have introduced couplings ν, ν′ and ν˜ between the quarks and the X field. Gauge
invariance requires
ν˜ = ν + α, ν′ = ν − α (12)
where α is the charge of the electroweak Higgs field under the extra U(1) introduced in
section 2. The generic form of the Lagrangian for each pair of particles is thus
Lf = f¯Lγ
µ(−i∂µ−aZµ+cXµ)fL+f¯Rγ
µ(−i∂µ−bZµ+dXµ)fR+m(f¯Lφ
∗fR+f¯RφfL), (13)
where φ should be replaced by φ∗ in the case of the d quark and electron. The Dirac
equations are then
γµ(−i∂µ − aZµ + cXµ)fL +mφ
∗fR = 0 (14)
γµ(−i∂µ − bZµ + dXµ)fR +mφfL = 0 (15)
Using the Dirac matrices of ref.11 we have the following form for the left and right-handed
spinors
fL =


f1
f2
−f1
−f2

 fR =


f3
f4
f3
f4

 . (16)
Making the ansatz


f1
f2
f3
f4

 = eiwt−ikz+inθ


A
Beiθ
Ceilθ
De(l+1)iθ

 , φ = eilθφ(r) (17)
4
the Dirac equations reduce to


w + k −i( ∂r+
n+1
r−aZθ+cXθ ) m|φ| 0
−i( −∂r+
n
r
−aZθ+cXθ ) −w + k 0 m|φ|
−m|φ| 0 −w + k −i(−∂r−
n+l+1
r
+bZθ−dXθ )
0 −m|φ| −i( ∂r−
n+l
r
+bZθ−dXθ ) w + k




A
B
C
D

 = 0 (18)
This is now in the form where the standard zero mode analysis [12] can now be applied.
Let w = k and set A = D = 0, at small distances the leading order terms in the Dirac
equations reduce to
−i(∂r +
n+ 1
r
)B +m|φ|C = 0, (19)
−m|φ|B − i(∂r −
n+ l
r
)C = 0. (20)
At small distances φ ∝ r|l| and we have two short distance solutions:
(
B
C
)
∼
(
rn+l+|l|+1 + ...
rn+l + ...
)
(21)
and (
B
C
)
∼
(
r−n−1 + ...
r−n+|l| + ...
)
. (22)
Thus we have two regular small r solutions for n = −1,−2, ..,−l; we have |l| zero modes
for l positive.
Similarly for w = −k we set B = C = 0 and the small distance leading order terms
in the Dirac equations reduce to
−i(−∂r +
n
r
)A+m|φ|D = 0 (23)
and
−i(−∂r −
n+ l + 1
r
)D −m|φ|A = 0 (24)
which have small distances solutions,
(
A
D
)
∼
(
r−n−l+|l| + ...
r−n−l−1 + ...
)
(25)
and (
A
D
)
∼
(
rn + ...
rn+|l|+1 + ...
)
. (26)
Both of these solutions are regular for n = 0, 1, ..,−l − 1; we have |l| zero modes for l
negative.
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The presence of the GUT string becomes important in the region between the GUT
length scale and the fermion’s length scale. Here the GUT gauge field has attained its
asymptotic form and the fermion mass term can still be neglected. The Dirac equations
have a form similar to those above with n and l shifted by contributions to the 1/r terms
coming from the GUT gauge field. In this intermediate region some of the spinor compo-
nents may vary as negative powers of r[9]. However, this behaviour does not persist into
the origin, such zero modes are not destroyed but are simply ’amplified’ at the origin.
Hence we have shown that, even taking the core of the GUT string into account, we
have zero modes if |α/q| > 1/2. The existence of the zero modes results in the string
becoming superconducting at the electroweak scale.
If the string does not wind there are no zero modes. However, the dip in the elec-
troweak Higgs VEV constitutes a two-dimensional potential well. Two-dimensional wells
are similar to potential wells in one-dimension and always have a bound state, unlike in
three dimensions. Thus, there are always bound states in the Dirac spectrum.
Consider the ansatz above with l = k = 0. The Dirac equation can then be written
in the form
−γ0


0 −i( ∂r+
n+1
r−aZθ+cXθ ) m|φ| 0
−i( −∂r+
n
r
−aZθ+cXθ ) 0 0 m|φ|
−m|φ| 0 0 −i( −∂r−
n+1
r
+bZθ−dXθ )
0 −m|φ| −i( ∂r−
n
r
+bZθ−dXθ ) 0




A
B
C
D

 = w


A
B
C
D


(27)
and we can identify the Hamiltonian operator,
Hˆ =


0 i( ∂r+
n+1
r−aZθ+cXθ ) −m|φ| 0
−i( −∂r+
n
r
−aZθ+cXθ ) 0 0 m|φ|
−m|φ| 0 0 −i( −∂r−
n+1
r
+bZθ−dXθ )
0 m|φ| i( ∂r−
n
r
+bZθ−dXθ ) 0

 (28)
If we can construct a state, ψ, such that < ψ|HˆHˆ|ψ > is less than m2η2 we can argue
from the variational principle that there is a state somewhere between the positive and
negative energy continua. Consider first the state
ψ =


ζ(r)
0
0
0

 , (29)
then
< ψ|HˆHˆ|ψ >=
∫
d2xζ∗
(
m2|φ|2 + (∂r +
n+ 1
r
− aZθ + cXθ)(−∂r +
n
r
− aZθ + cXθ)
)
ζ.
= 2pi
∫
rdr
(
m2|φ|2|ζ|2+|(−∂r +
n
r
− aZθ + cXθ)ζ|
2
)
+2pi
[
rζ∗(−∂r +
n
r
− aZθ + cXθ)ζ
]∞
0
,
(30)
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after integrating by parts. Now consider the profile function ζ. Let ζ0 satisfy
(−∂r +
n
r
− aZθ + cXθ)ζ0 = 0 (31)
The solution is ζ0 ∼ r
n at small r and, using the asymptotic forms of the gauge
fields, ζ0 ∼ r
[n−a(2α/Gq)+c(1/q)] := rs at large r. For n = 0 the small r form is a constant
and the large distance form is a decaying power law if the gauge field terms have the
appropriate sign. We now introduce an exponential damping factor to ensure that the
state is normalisable and consider ζ = ζ0e
−λr.
If this state is normalisable with λ = 0 then only the first term in (30) survives. The
integral is less than the vacumm case when |φ| drops below its vacuum value. Alterna-
tively, if a non-zero value of λ is required to produce a normalisable state, we have extra
contributions to the expectation value,
< ψ|HˆHˆ|ψ >= 2pi
∫
rdre−2λrζ0
(
m2|φ|2 + λ2
)
ζ0 + 2piλ
[
ζ20(re
−2λr)
]∞
0
. (32)
We are interested in small values of λ and in this case the normalisation integral is
dominated by the large distance contributions, giving a normalisation factor proportional
to λ1+s. The dip in the Higgs field occurs in the string core where the exponential factor
can be ignored. Thus the only λ dependence in the mass term comes from the normalisation
factor and hence the energy reduction due to the dip in the Higgs profile varies as λ2+2s.
The boundary term in the expectatioin value vanishes and the extra contribution varies
as λ2. If s is negative, by making λ suitably small we can produce a trial spinor whose
squared energy lies below the continuum level.
Similar arguments can be constructed using a trial spinor with any one component
nonzero. If the second component is taken to be nonzero, the order of the differential
operators in (30) is reversed, the effective sign of the gauge field terms is reversed and this
component will provide a decaying ζ0 if the first component did not.
We have shown that the string will have fermionic bound states if there is a dip in
the scalar potential. These bound states can carry a current [6].
5) Current Carrying Options
We have constructed a composite string by considering couplings between the elec-
troweak theory and a higher energy, string forming sector. We always find a layer of
nontrivial electroweak fields surrounding the GUT string core. Depending on the ratio
of gauge couplings, |α/q|, the electroweak Higgs field can wind, leading to a stable elec-
troweak string surrounding the GUT core. This gives rise to fermion zero modes and the
string becomes superconducting at the electroweak scale. The current carried will be of
the electroweak scale, this may be too small to produce dramatic cosmological effects, but
could alter some of the cosmological predictions of the cosmic string scenario. This is
under investigation.
For |α/q| < 1/2 the electroweak Higgs field does not wind, there are no fermion zero
modes, but there are bound states which can carry a current. In this case the current
7
is smaller than in the zero mode case and is not persistent, the size and dissipation time
being determined by the mass of the bound state[6].
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Fig.1. Higgs profile as a function of the scalar cross coupling, M
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Fig.2. Higgs profiles as a function of gauge couplings ratio, alpha/q
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Fig.3. Higgs profiles for different ratios of the EW scale to the GUT scale
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